Abstract-Cycling induced by automatic control of functional electrical stimulation provides a means of therapeutic exercise and functional restoration for people affected by paralysis. During cycling induced by functional electrical stimulation, various muscle groups are stimulated according to the cycle crank angle; however, because of kinematic constraints on the cycle-rider system, stimulation is typically only applied in a subsection of the crank cycle. Therefore, these systems can be considered as switched control systems with autonomous, state-dependent switching with potentially unstable modes. Previous studies have included an electric motor in the system to provide additional control authority, but no studies have considered the effects of switched control in the stability analysis of the motorized functional electrical stimulation cycling system. In this paper, a model of the motorized cycle-rider system with functional electrical stimulation is developed that includes the effects of a switched control input. A novel switching strategy for the electric motor is designed to only provide assistance in the regions of the crank cycle where the kinematic effectiveness of the rider's muscles is low. A switched sliding-mode controller is designed, and global, exponentially stable tracking of a desired crank trajectory is guaranteed via Lyapunov methods for switched systems, despite parametric uncertainty in the nonlinear model and unknown, time-varying disturbances. Experimental results from five able-bodied, passive riders are presented to validate the control design, and the developed control system achieves an average cadence tracking error of revolutions per minute for a desired trajectory of 50 revolutions per minute.
I. INTRODUCTION

R
EHABILITATIVE and assistive robotics focus on the design of autonomous systems to accommodate varying levels of functional ability for people with disabilities caused by injury or disease, either during a rehabilitative task or an activity of daily living [1] , [2] . Rehabilitative robots typically enable people to perform a repetitive, therapeutic activity that they otherwise could not successfully perform (e.g., locomotor training for people with neurological disorders [3] ), while assistive robots enable people to perform activities of daily living outside of a rehabilitative setting (e.g., walking outdoors). These systems must be designed to provide assistance in the regions of the task space where a person is functionally disabled, and should only provide input as needed to maximize efficiency and to ensure the person's participation in completing the task. Such human-centered autonomous systems have the potential to maximize therapeutic outcomes and enhance the quality of life for people with disabilities.
Paralysis is an example of a functional disability that rehabilitative and assistive robotic systems seek to mitigate. Autonomous systems that aid people with paralysis provide substitutionary motor control, typically via a system of artificial actuators (e.g., electric motors, hydraulic pistons) in the form of a robotic exoskeleton (e.g., [4] and [5] ) or via functional electrical stimulation (FES), which activates paralyzed muscles by directing electric current into the neuromuscular complex and artificially inducing muscle contractions [6] . When FES is used to induce cycling as a functional activity, it is both rehabilitative and assistive [7] . When an able-bodied individual cycles volitionally, the rider's leg muscles contract rhythmically to produce a pedaling motion. Meanwhile, paralyzed riders are unable to activate and coordinate their muscles to achieve cycling. FES-cycling systems have been designed to stimulate paralyzed 1545-5955 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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muscles according to a predefined stimulation pattern to enable cycling [8] - [13] . Stimulation patterns are designed in the joint space for cycling and include mappings from the crank position and velocity (cadence) to activation signals for each of the rider's muscle groups. Within the joint space are kinematic dead points, where only a small percentage of torque produced by the rider's muscles translates to torque about the crank axis. Stimulation patterns are typically designed such that FES is not applied in regions about these dead points. With such stimulation patterns, the nonlinear, uncertain FES-cycling system becomes a switched control system with autonomous, state-dependent switching and unstable modes [14] , [15] . Indeed, the preliminary results in [16] - [18] demonstrate that potentially unstable modes do exist in FES-cycling systems when there are portions of the crank cycle where no stimulation is applied to the rider's muscle groups, as is common in existing FES-cycling systems. FES-cycling systems that include electric motor assistance have been designed to facilitate controllability [10] , [12] , [19] - [25] , as an electric motor has control authority across the entire joint space (i.e., not limited by dead points). In [19] , an electric motor was added to ensure that the FES-cycling cadence did not fall below 25 revolutions per minute (rpm) and supplied a constant 5 Watts of power to compensate for losses in gearing. Similarly, in [20] , a fuzzy logic control scheme was used to control a motor and FES to achieve a desired cadence. In [10] , a motor controlled the cycling cadence while open-loop stimulation was applied to the rider's muscles to maximize power output. Similarly, in [12] and [21] - [25] , electric motors were used to maintain a desired cadence, while FES was used to track a desired power output. None of the previous works considered the effects of the switching stimulation pattern on the motorized FES-cycling system's stability, so it is unclear how switching affects the system performance in general. Furthermore, all of these studies used the motor throughout the entire crank cycle, which may bias the control input towards the motor, potentially limiting the contribution from the rider's muscles and thereby limiting the therapeutic effects of the activity. Designing switched FES control systems with electric motor assistance that account for these factors may lead to more effective rehabilitative and assistive systems.
The previous work in [18] presented the development, stability analysis, and experimental validation of a controller for an FES-cycling system without an electric motor input. Ultimately bounded tracking of the desired cadence was guaranteed, and experimental results on able-bodied subjects demonstrated a cadence tracking error of during FES-cycling at a desired cadence of 50 rpm. To improve tracking performance and eliminate unstable modes during FES-cycling, in this paper, a model of the motorized FES-cycling system is presented that includes the effects of switching the control input between an electric motor and FES of multiple muscle groups during cycling. Motivated by the desire to maximize the contribution of the rider's muscles, a novel strategy for electric motor assistance is developed that only provides control input in the regions around the dead points where no FES control input is provided. Based on this model, a switched, sliding-mode controller is developed for both the FES and the motor that yields global, exponentially stable tracking of a desired crank trajectory, despite the switching effects, uncertainty in the system parameters, and the presence of unknown, bounded disturbances. Experimental results with five able-bodied subjects are presented to validate the controller and to demonstrate practical application of the theoretical insights, and the developed control system achieves an average cadence tracking error of for a desired trajectory of 50 rpm, greatly improving the performance of the FES-cycling system as compared to the previous work in [18] .
II. MODEL
A. Motorized Cycle-Rider System
The motorized cycle-rider system can be modeled as in [26] as (1) where denotes the crank angle; denote inertial, centripetal and Coriolis, and gravitational effects, respectively;
denote the torques applied about the crank axis by passive viscoelastic tissue forces, viscous crank joint damping, and disturbances (e.g., spasticity or changes in load), respectively; denotes the control effectiveness for the electrically stimulated muscle group with subscript indicating the right ( ) and left ( ) gluteal ( ), quadriceps femoris ( ), and hamstrings ( ) muscle groups; denotes the electrical stimulation intensity applied to each muscle group; is a constant relating the current in the electric motor's windings to the resulting torque about the crank axis; and is the control current applied to the electric motor windings.
Viscous damping in the cycle crank is modeled as , where is an unknown viscous damping coefficient. The passive viscoelastic effects of the tissues surrounding the hip and knee joints can be expressed as where are the joint torque transfer ratios [27] with subscript indicating right and left hip and knee joints, and denotes the resultant torque about the rider's joint from viscoelastic tissue forces. The joint torque transfer ratios can be expressed as where are the thigh and shank lengths of the rider and the cycle crank arm length, respectively, and the notation indicates that the expression holds for both right and left sides of the model (i.e., can be replaced by or to create distinct expressions). Based on [28] and [29] , can be modeled as for , where , are unknown constant coefficients, and denote the relative hip and knee joint angles, defined as where is the measurable, constant trunk angle. The control effectiveness for each muscle group can be defined as where denotes the relationship between stimulation intensity and a muscle group's resultant torque about the joint it spans, and denotes the torque transfer ratio for a muscle group, which can be determined according to the primary joint that each muscle group spans as , , given that the following assumption holds. Assumption 1: The biarticular effects of the rectus femoris and hamstring muscles are negligible.
The uncertain function is modeled as [30] for , where denotes the uncertain moment arm of a muscle's output force about the joint it spans, denotes the uncertain nonlinear function relating stimulation intensity to muscle fiber force, and denotes the uncertain pennation angle of the muscle fibers.
Property 1: The moment arm of the muscle group about the joint it spans depends on the joint angle and is nonzero and continuously differentiable with a bounded first time derivative [31] .
Property 2: The function relating stimulation voltage to muscle fiber force , depends on the force-length and force-velocity relationships of the muscle being stimulated and is lower and upper bounded by known positive constants respectively, provided the muscle is not fully stretched [32] or contracting concentrically at its maximum shortening velocity.
Property 3: The muscle fiber pennation angle (i.e., ) [33] . Property 4: Based on Properties 1-3, the function relating voltage applied to a muscle group and the resulting torque about the joint is nonzero and bounded. In other words, , where are known positive constants.
The control effectiveness for the electric motor is defined as , where is the uncertain, constant coefficient relating armature current to torque, and is the uncertain gear ratio between the motor output and the crank axis. It is assumed that , where is a known constant.
B. Switched System Model
The control input can be generated by stimulation of the muscle groups or by an electric motor. A common question that arises in human-machine interaction is: How should the person's effort be balanced with the machine to accomplish a task cooperatively? In this case, the person's effort is the electrically stimulated muscle input and the machine's is the electric motor input. For FES-cycling, stimulation is typically applied to each muscle group in a predefined region of the crank cycle where the muscles can contribute to the forward pedaling motion, and the muscles are not stimulated in regions of relatively low kinematic effectiveness (i.e., where the torque transfer ratios are small). On the other hand, an electric motor coupled to the crank shaft is able to provide consistent input throughout the entire crank cycle. In a rehabilitative setting, it is preferred that the muscles exert as much work to complete the cycling task as possible to maximize therapeutic effect; therefore, motivation arises to activate the electric motor only as needed. In the present development, the human-machine effort is balanced by only activating the muscle groups where they can effectively contribute to pedaling and activating the electric motor everywhere else. Switching the control input in this manner yields an autonomous, state-dependent, switched control system [14] .
The portion of the crank cycle over which a particular muscle group is stimulated is denoted for . Similarly, the portion of the crank cycle over which the electric motor actively contributes torque is denoted . In this development, is defined for each muscle group as
where is a time-varying signal defined for . Defining the stimulation regions as in (2)-(4) limits stimulation to portions of the crank cycle where the ratio of the torque produced by stimulation of the muscle group and the resultant torque about the crank axis is bounded below by , which is designed a priori, and prevents backpedaling, as the muscle groups may only be stimulated when the resultant torque about the crank axis is positive (i.e., forward pedaling). Note that a negative sign is included in (3) because knee extensor torque is defined to be negative. In this development, where ; in other words, the electric motor provides control input where the muscle groups do not. Based on these switching laws, a piecewise constant switching signal can be developed for each muscle group, and for the electric motor, as
Using these state-dependent switching signals, the stimulation input to the muscles groups and the current input to the motor windings can be defined as (6) where are positive, constant control gains, and is the subsequently designed control input. Substituting (6) into (1) and rearranging terms yields (7) where is the lumped, switched control effectiveness term defined as Stimulation of six muscle groups allows for possible combinations of active muscle groups, including the empty set (i.e., the region where no stimulation is applied). The definitions in (2)-(6) introduce constraints that permit at most 28 different subsystems (i.e., may switch up to 28 times over a crank cycle), so that an auxiliary switching signal can be defined as , where the first 27 subsystems represent some combination of active muscle groups and the 28th represents only electric motor activation. The switching signal specifies the index of and switches according to the crank position. For example, if only the right and left quadriceps femoris muscle groups were stimulated according to (3) and the electric motor was activated elsewhere, there would be only three subsystems, and would be defined as
The known sequence of switching states, which are the limit points of , , is defined as , and the corresponding sequence of unknown switching times is defined such that each denotes the instant when reaches the corresponding switching state . The switching signal is assumed to be continuous from the right (i.e.,
). The switched system in (7) has the following properties.
Property 5: where are known constants.
Property 6:
, where is a known constant.
Property 7:
Property 8:
, where are known constants.
Property 9:
Property 10:
Property 11:
, , where are known constants. Property 12:
.
III. CONTROL DEVELOPMENT
The control objective is to track a desired crank trajectory with performance quantified by the tracking error signals , defined as
where is the desired crank position, designed so that its derivatives exist and and is a selectable constant. Without loss of generality, is designed to monotonically increase (i.e., backpedaling is not desired). Taking the time derivative of (9), multiplying by and using (7)- (9) yields (10) where the auxiliary term is defined as
From Properties 5-10, can be bounded as (12) where are known constants, denotes the Euclidean norm, and the error vector is defined as Based on (10) and the subsequent stability analysis, the control input is designed as (13) where denotes the signum function and are constant control gains. Substituting (13) into (10) yields (14) IV. STABILITY ANALYSIS Let denote a continuously differentiable, positive definite, common Lyapunov function candidate defined as (15) The common Lyapunov function candidate satisfies the following inequalities: (16) where are known constants defined as
Theorem 1:
The closed-loop error system in (14) is globally, exponentially stable in the sense that (17) for all , where is the initial time, and is defined as (18) provided the following gain conditions are satisfied: (19) Proof: Consider for some arbitrary such that is continuous. Because of the signum function in , the time derivative of (15) exists almost everywhere (a.e.), i.e., for almost all , . Therefore, after substituting (14) , utilizing Property 12, and rearranging terms, the time derivative of (15) can be expressed as Using (9), (12) , and Property 11, it can be demonstrated that (20) Provided the gain conditions in (19) are satisfied, (16) can be used to rewrite (20) as (21) where was defined in (18) . The inequality in (21) can be rewritten as for , which is equivalent to the following expression: (22) Taking the Lebesgue integral of (22) and recognizing that the integrand on the left-hand side is absolutely continuous allows the Fundamental Theorem of Calculus to be used to yield (23) for . Since (23) was proven to hold for an arbitrary , (23) holds for all . Therefore, is indeed a common Lyapunov function, and (23) holds for all . In other words (24) Using (16) to bound (24) and performing some algebraic manipulation yields (17) .
Remark 1:
The exponential decay rate represents the most conservative (i.e., smallest) decay rate for the closed-loop, switched error system. In practice, each subsystem has its own decay rate dependent on the lower bound of the corresponding , but in the preceding stability analysis, was used as the lower bound on for all . Fig. 1 illustrates how may behave in practice versus the conservative bound given in (24).
V. EXPERIMENTS
Experiments were conducted with the primary objective of evaluating the performance of the controller given in (13) and distributed as FES and electric motor current according to (3)-(6). Five able-bodied subjects (four male, one female) 21-43 years old participated in the experiments. Each subject gave written informed consent approved by the University of Florida Institutional Review Board. During the subsequent experiments, the subjects were instructed to relax and make no volitional effort to either assist or inhibit the FES or the electric motor input (i.e., passive riders).
A. Motorized FES-Cycling Test Bed
A commercially available recumbent tricycle (TerraTrike Rover) was modified for the purposes of the FES-cycling experiments. A 250 Watt, brushed, 24 VDC electric motor (Unite Motor Co. Ltd. MY1016Z2) was mounted to the frame and coupled to the drive chain. Orthotic boots (Össur Rebound Air Tall) were affixed to custom pedals; these orthotic pedals served to fix the rider's feet to the pedals, prevent dorsiflexion and plantarflexion of the ankles, and maintain sagittal alignment of the lower legs. An optical encoder with an angular resolution of 0.018 (U.S. Digital H1) was coupled to the cycle crank via spur gears to measure the crank position. To make the system stationary, a stationary cycling trainer and riser rings (Kinetic by Kurt) were used to lift the tricycle's drive wheel off the ground. Current control of the cycle's motor was enabled by a general purpose linear amplifier (AE Techron LVC 5050) interfacing with the data acquisition hardware (Quanser Q8-USB), which also measured the encoder signal. The controller was implemented on a personal computer running real-time control software (QUARC, MATLAB/Simulink, Windows 7) at a sampling rate of 500 Hz. Fig. 2 depicts the motorized FES-cycling test bed.
A current-controlled stimulator (Hasomed RehaStim) delivered biphasic, symmetric, rectangular pulses to the subject's muscle groups via bipolar, self-adhesive, PALS® electrodes. 1 The stimulation amplitudes were fixed at 90 mA for the quadriceps and 80 mA for the hamstrings muscle groups, and the stimulation pulse width for each muscle group was determined by and commanded to the stimulator by the control software. Stimulation frequency was fixed at 60 Hz to leverage the results found in [34] . For safety, an emergency stop switch was attached to the tricycle that enabled the subject to stop the experiment immediately if necessary, though no subjects found it necessary.
B. Experimental Setup
Electrodes were placed over the subjects' quadriceps femoris and hamstrings muscle groups according to Axelgaard's electrode placement manual. 2 In these experiments, only the quadriceps and hamstrings muscle groups were stimulated to better demonstrate the balance between the FES and motor inputs. Each subject's legs were measured to obtain the distance from the greater trochanter to the lateral femoral condyle and from the lateral femoral condyle to the sole of the foot, while the ankle was held in the anatomically neutral position. Subjects were then seated on the tricycle, and their feet were inserted securely into the orthotic pedals. The tricycle's seat position was adjusted for each subject's comfort while ensuring that full extension of the knees could not be achieved while cycling, and the distance from the cycle crank to the subject's right greater trochanter was measured. These measurements were used to calculate the torque transfer ratios for the subjects' muscle groups and to thereby determine the stimulation pattern.
Two experimental protocols were conducted with each subject, and each trial lasted 180 s. In Protocol 1, the desired cadence rose to 50 rpm and remained there for the duration of the experiment, while in Protocol 2 the desired cadence first rose to 50 rpm, then varied sinusoidally from 40 to 60 rpm to demonstrate the robustness of the developed control system. For Protocol 1 the desired crank velocity and position were designed as (25) (26) where . The trajectories in (25) and (26) ensured that the desired cadence started at 0 rpm and smoothly approached 50 rpm. For Protocol 2, the desired crank velocity and position were designed as (27) 1 Surface electrodes for this study were provided compliments of Axelgaard Manufacturing Co., Ltd.
2 http://www.palsclinicalsupport.com/videoElements/videoPage.php ,
where , , and . The trajectories in (27) and (28) ensured that the desired cadence started at 0 rpm, smoothly approached 50 rpm, then varied sinusoidally from 40 to 60 rpm with a period of 30 s.
For both protocols, the signals were designed for as (29) where was a scaling factor designed as .
By defining as in (29), the stimulation pattern was consistent across all subjects, despite differences in cycle-rider geometry. For example, Subject 1 had and and sat 31.4 inches away from the crank, whereas Subject 2 had and and sat 28.8 inches away from the crank. Despite the difference in cycle-rider geometry between subjects, Subject 1 had , 3 and Subject 2 had . In addition to maintaining consistency in the stimulation pattern across subjects, the definitions in (29) and (30) determined the stimulation pattern and FES-to-motor switching according to (3)- (6) , so that only the motor was active during the first 16 s of each trial (i.e., while the desired trajectory rose to 50 rpm). Then, the stimulation of the muscle groups was added and the stimulation regions increased in size for 10 s until they reached the desired steady state stimulation pattern. 4 . This method for defining the stimulation pattern was selected because large muscle forces are required to pedal at low speeds [35] , so the motor was used to bring the system to the desired cadence before FES was added. A constant input of 0.5 A was added to the motor current input to mitigate the effect of friction in the motor gearbox. The control gains, introduced in (6) and (13) , and the constant , introduced in (9), were tuned to yield acceptable tracking performance prior to each trial and ranged as follows: , , ,
C. Results Fig. 3 depicts one subject's tracking performance during both protocols, quantified by , , the stimulation intensity input to each muscle group , and the electric motor current input . Fig. 4 provides an enhanced view of the distribution of the control input between FES and the motor across one crank cycle. 
D. Discussion
The experimental results successfully demonstrate the ability of the controller in (13) , distributed between FES of the rider's muscle groups and electric motor current according to (6) , to achieve exponentially stable tracking performance despite parametric uncertainty (e.g., uncertain rider limb mass) and unknown disturbances. However, the results indicate exponential convergence to an ultimate bound on the tracking error, instead of convergence to zero, which could be due to unmodeled effects such as electromechanical delay between muscle activation and force production [36] . The results for Subject 1, presented in Fig. 3 , demonstrate typical performance Tables I and II . Of particular note is the mean and standard deviation of the cadence tracking error during the FES/motor period for all subjects, where the average cadence tracking error across all five subjects was (i.e., the actual cadence was centered about the desired cadence with less than 3 rpm in standard deviation) for Protocol 1 and for Protocol 2. In comparison, the average position tracking error across all five subjects was for Protocol 1 and for Protocol 2, indicating that the actual crank trajectory lagged the desired trajectory consistently across all experiments. The steady state offset in the position tracking error was likely caused by a bias in the tuning of the control gains towards improving cadence tracking performance, as cadence error is generally considered to be the main performance criterion during cycling tasks.
As indicated in the experimental data plotted in Fig. 4 , the electric motor provided assistance as needed in the regions of the FES-cycling joint space where the rider's torque transfer ratios were small, and stability was maintained throughout the trial despite the discontinuous switching in the torque input to the system. The subjects reported that the cycling motion felt comfortable and natural and that they perceived their muscles as contributing significantly to the cycling task, though neither metabolic nor relative torque contribution (i.e., comparing FES torque input to motor torque input) measurements were available to quantify these effects.
VI. CONCLUSION
A model for FES-cycling with electric motor assistance was presented that includes the effects of a switched control input and unknown disturbances. Based on this model, a novel switching strategy was developed that applies FES to the rider's muscle groups in regions of the crank cycle where the rider's muscles contribute significantly to the cycling task and utilizes an electric motor for assistance only as needed (i.e., in regions of poor kinematic efficiency). A switched sliding-mode controller was designed to yield global, exponentially stable tracking of a desired crank trajectory, provided sufficient gain conditions are satisfied. The control design was validated in experiments with five able-bodied subjects, where an average cadence tracking error of ( error) was demonstrated when tracking a constant desired cadence of 50 rpm.
The developed control system for motorized FES-cycling systems has the potential to enhance therapeutic outcomes in a rehabilitative setting and to improve the performance of assistive cycling devices; however, clinical implementation of the developed control system may present additional challenges not considered in this paper. FES-cycling is typically prescribed for the rehabilitation of people with spinal cord injury, stroke, or cerebral palsy. While the theoretical development in this paper considers a generalized cycle-rider system, applying the developed control system to a particular patient population may require disorder-specific tuning of the system parameters or the addition of disorder-specific functionality. A patient may be sensitive to FES and would therefore require lower limits on the stimulation intensity, potentially leading to control input saturation and requiring an extension of the developed control system to consider saturation, as in [37] . If a patient has significant asymmetry in the lower limbs (e.g., hemiparetic stroke), a rehabilitative goal may be to improve symmetry during cycling, which may be accomplished by only applying FES to the affected limb and designing the desired trajectory to mimic the trajectory of the other limb, similar to the methods described in [38] . Future work will focus on applying the developed control system to people with neurological disorders and will necessarily consider such disorder-specific challenges to implementation. Further work also needs to involve clinical trials in clinically relevant patient populations to investigate training benefits.
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